Abstract. It is shown that for smooth initial data solutions of the RobinsonTrautman equation (also known as the two-dimensional Calabi equation) exist for all positive "times," and asymptotically converge to a constant curvature metric.
Introduction
One of the most interesting problems in classical general relativity is the understanding of the formation -or lack thereof -of singularities in space-time in the course of evolution of the metric via Einstein equations. Since the tools to analyze this problem in its whole generality do not seem to be available yet, it is of interest to try to understand such issues under various restrictive hypotheses, e.g. smallness of initial data (cf. e.g. [6, 11] ), or under some symmetry hypotheses [5, 20, 16, 8, 7] , or both, or under some other restrictions (cf. e.g. [9] ). In this paper we prove semi-global existence and convergence for a class of vacuum solutions of Einstein equations known as the Robinson-Trautman metrics [25] , thus no curvature singularities (other than the singularity r = 0 which is already present in the initial data set) develop for finite values of the retarded time 1 u in this class of metrics. The Robinson-Trautman metrics have played an important role in the early understanding of gravitational radiation, providing the first known class of solutions of Einstein vacuum equations which could be interpreted as representing a gravitationally radiating isolated system. These metrics have the amusing exists a coordinate system in which the metric takes the form (2 χ) where g ab is a fixed metric on a two dimensional manifold 2 M, which we assume to be compact and orientable, with local coordinates x α , α=l,2. As has been discussed by Robinson [24] , a suitable redefinition of u and r which preserves (2.1) leads to an equation considered by Calabi in [3] . If m > 0 (2.4) is parabolic for w-increasing, while for m < 0 it is parabolic for w-decreasing, thus for generic initial data one does not expect to have existence of global solutions of (2.4), i.e. existence of solutions defined for (u,p) e (-oo, oo)χ 2 M. In fact, every solution of (2.4) immediately becomes analytic [17] , thus one has Proposition 2.1. Let λ 0 be a non-analytic smooth function on 2 M, let g ab be an analytic metric on 2 M. There exists no solution of (2.4) defined on ( -ε,ε)x 2 M such that λ (0,/?) = A 0 (/?). Proposition 2.1 shows one-sided non-extendability of the metric (2.1) in the vacuum Robinson-Trautman class whenever the metric (2.1) is smooth but nonanalytic at u = u 0 . This is an amusing example of pathologies which may occur when considering the characteristic initial value problem for Einstein equations. In [8] a similar non-existence result was exhibited, when the null surface is a smooth but non-analytic compact Cauchy horizon. It may well be possible that there exist vacuum extensions beyond a smooth non-analytic surface u = u 0 which are not in the Robinson-Trautman class.
The above discussion establishes generic non-existence of global solutions of (2.4), it is therefore natural to ask whether "semi-global" solutions exist, i.e. solutions defined for all u^u 0 when m > 0, or for all u<±u 0 when m < 0. As stated in the Introduction, we shall show that this is indeed the case -the results of the subsequent sections may be summarized as follows: Before closing this section let us recall that g can always be chosen so that with R o > 0 on S 2 , R o = 0 on Γ 2 , R o < 0 in the remaining cases. Changing the orientation of the w-axis if necessary, by a rescaling of u we may always achieve and in the remainder of this paper we shall always assume that this normalization has been chosen. We have the following formulae: 4 The convergence rate of the metric is made precise in Proposition 5.1; the results of that proposition can be sharpened by establishing an asymptotic expansion of λ for large u -these results and their implications for the global structure of the Robinson-Trautman space-times will be discussed elsewhere Equation (2.9) follows from (2.2); (2.10) is the Gauss-Bonnet theorem; (2.11) is the Calabi-LPPS inequality [3, 18] ( 2 M i dμ 0 )) can be defined in a standard way. Proposition 3.1 is the key to the global existence proof and is specific to the problem at hand -the rest of the proof, as carried on in the next sections, is rather standard and applies to a quite general class of equations. We shall thus consider the following problem:~d
If λ 0 is e.g. smooth, then a solution of (3.1) will be smooth both in u and in p e 2 M, and will thus be a classical solution of (2.4) (cf. also the remarks at the beginning of the next section). Throughout this paper the letter C denotes a generic constant which may vary from line to line. 
Higher a priori Estimates
In this section we derive a priori bounds on all W ka norms. This, together with the local existence results discussed e.g. in [26] or [23] shows semi-global existence of solutions 5 . The estimates of Lemma 4.2 can be used to show that A e C([0, Γ); The proof of Proposition 4.1 makes use of the lemma that follows. Wherever convenient one may suppose that λ e C°° ([0, T) x 2 M), appropriate results under weaker differentiability conditions can then be established by a density argument.
In the remainder of this paper we shall assume that g is a smooth metric the Ricci scalar of which is a constant. For any multi-index a = (a x ,..., aj) let Proof. Let 
Convergence to a Constant Curvature Metric
The results of the previous section show that all the C k norms of λ,R(g) 9 etc., are bounded for u Ξ> 1. In this section we shall show that R (g) asymptotically converges to a constant, exponentially fast with decay rate equal to the decay rate of the linearized equation ("modulo gauges- To prove Proposition 5.1 we shall use a series of auxiliary lemmata: In the case cΦO a slightly more careful argument is needed. Let O (5.16) gives 7 In the S 2 case a similar argument has been independently used by D. Singleton [27] to prove global existence and convergence for small data and elliptic estimates together with (2.9) yield which shows that there exists a u 0 such that (5.11) the operator obtained by linearizing the right-hand side of the Robinson-Trautman equation has zero eigenvalues, which leads to difficulties when trying to prove convergence of the metric to a constant curvature metric. The origin of these difficulties may be traced back to the existence of non-trivial conformal motions of the sphere, as a result of which λ in (2.3) is defined only up to the addition of the logarithm of a conformal factor for a conformal trans- It is simple to check that if λ converges exponentially in C°° to 0 with some decay rate β, then φ will exponentially converge to a smooth conformal diffeomorphism φ^ of S 2 with decay rate β, and that λ will exponentially converge to a limiting function λ «, defined by e gab = Φoogab (cf. [27] for a more detailed exposition).
The same method as presented below has been independently used by Singleton [27] to get rid of the zero-eigenvalue problem C. Appendix
In this Appendix we shall prove some estimates use of which is made in Sect. 4. Let us define the convention, that for ije N the "equality"
is a shorthand for the statement that /-g consists of a sum of terms of the form
in particular there exists a constant C such that 
